CALCULUS BC
WORKSHEET 1 ON TAYLOR POLYNOMIALS

Work the following on notebook paper. Use your calculator only on problem 8(b) . 9(b). and 10(a). Show all
work.
1. Find a fourth-degree Maclaurin polynomial for f(x)=e"".

2. Find a sixth-degree Maclaurin polynomial for £ ( :r) =COos x.

3. Find a fifth-degree Maclaurin polynomial for £ (x) = : :
x+1

4. Find a third-degree Taylor polynomial for f(x)=sinx. centered at x :%

5. Find a fifth-degree Taylor polynomial for f(x)= L . centered at x =2.

. Find a third-degree Taylor polynomial for f ('c) = e[-'\'_ﬂ._ centered at x =4.

-1 N

. Find a fifth-degree Taylor polynomial for f(x)=1In(x—1). centered at x = 2.

X

~ centered at x = 3.
(b) Find 7, (3.31). What is the value of #(3.31) and the value of |7 (3.31)- P, (3.31)[?

oo

. (a) Find a Taylor polynomial of degree n =4 for f(x)= e

9. Let g be a function which has derivatives of all orders for all real numbers. Assume
g(5)=3. g(5)=-2. g"(5)=7. g"(5)=-3.

(a) Write the Taylor polynomial of degree 3 for g centered at x =5.

(b) Use the polynomial that you found in part (a) to approximate g(4.9).

10. (1998 BC 3)
Let f be a function that has derivatives of all orders for all real numbers. Assume

F(0)=5. f(0)==3. f"(0)=1L f"(0)=4.
(a) Write the third-degree Taylor polynomial for f about x = 0, and use it to approximate f(0.2).
(b) Write the fourth-degree Taylor polynomial for g, where g (T) =f (x:' ) about x =0.
(Hint: Substitute ¥’ in place of x in your answer to (a).)

(c) Write the third-degree Taylor polynomial for 4, where 7(x)= IO\ f(#)dt, about x=0.

(d) Let h be defined as in part (c). Giventhat f(1)=3, either find the exact value of /(1) or explain why it
cannot be determined.



Answers to Worksheet 1 on Tavlor Polynomials
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1
(d) h(l_) = .[n I (f) dt . The exact value of h(l) cannot be determined because f (I) is known only
for r=0and 7= 1.



CALCULUS BC
WORKSHEET 2 ON TAYLOR POLYNOMIALS

Work the following on notebook paper. Use your calculator only on problem 9(b). Show all work.
1. Suppose the function f(x) is approximated near x = 5 by a third-degree Taylor
polynomial B (x)=-3+7(x- 5)3 -2(x- 5)3 . Give the value of*
(a) Give the value of: 7(5). 7'(5). /"(5). and /(5)..
(b) Does f have a local maximum, a local minimum, or neither at x =5? Justify your answer.

For problems 2 — 5. suppose that P, (r) = a+bx+cx is the second-degree Taylor polynomial for £ about x = 0.
What are the signs of @. b, and ¢ if f has the graph pictured on the below? Explain your reasoning.

2. 3. ] 4. 5. . —
N /
\ S

S~

(=

. Find a fifth—degree Maclaurin polynomial for f (Y) =sin (3x) .

=

. Find a fifth-degree Taylor polynomial for f (T) =In (.\' — 1) centered at x=2.

— 4|

8. Find a fourth—degree Taylor polynomial for f (T) =e* ™" centered at x =4.

9. (Modified form of 2000 BC 3)
The Taylor series about x = 5 for a certain function f converges to f (r) for all x in the interval of

) -1)" n!
convergence. The nth derivative of f at x=75is given by f () (5)= L an 5)=—.
2" (n + 2) 2

(a) Write the third-degree Taylor polynomial for f about x=>5.
(b) Use your answer to (a) to approximate the value of f (6)



Answers to Worksheet 2 on Tavlor Polynomials
1.(a) f(5)=-3. f'(5)=0. f"(5)=7-2or 14, f"(5)=-2-3! or —-12
(b) Since f'(5)=0and f”(5) is positive. f has a local minimum at x = 5 by the Second
Derivative Test.

2. f (0) = a. the constant in the Taylor polynomial. Since the y-intercept is negative. f (0) =—.

The graph of f is decreasing so f” (0) =+ The graph of f is concave up so f” (0) =+.

3. Since the y-intercept is positive, f (0) =+. The graph of f is decreasing so f” (O} =—
The graph of f is concave down so "' (O) =—

4. Since the y-intercept is negative, f (0) =—. The graph of f is increasing so [ '(0) =+

The graph of f is concave up so f”(O) =+

5. Since the y-intercept is positive, f (O) =+. The graph of f is increasing so f” (0) =+

The graph of f is concave downso f"'(0)=—.

27 243%°
- +

6. 3x
3! 5!
7. (x-2) - (-x—z)z X (x_z)s ) (_T_2)4 . (x-2)
2 3 1 5
8. 1+[x—4)+ (x_4)' . (.‘r—4) . (_1_4)
' 2! 31 1

o Loxms LS ()
2 2(3) 27(4)  2°(5)

(b) 0.371




CALCULUS BC
WORKSHEET ON RADIUS AND INTERVAL OF CONVERGENCE

Work the following on notebook paper.
Find the radius and interval of convergence for each of the following series. All work must be shown.

(Note: Every time you are asked to find the interval of convergence, you must check to see if the endpoints
are included in the interval.)

n n=1 n

( _1)” xli:r

[
M s
het
[
M s

n=1 n! n=1 (2”)1‘

o 2 (2x-3)"
3. n!(\x+2)? 7.3 #

n=1 n=1 M5

© (:x+4)”

izo 3 (n+1)

Answers to Worksheet on Radius and Interval of Convergence
1.Radius = 1. Interval: 2 <x<4

3]

.Radius =, Interval: —0 < x < o0
3. Radius = 0. Interval; {— 2}
4. Radius = 3. Interval: —7<x < -1

.Radins = 1. Interval: 4<x<6

h

6. Radius =0, Interval: —<o<x <0

=~

. Radius = % Interval: —1<x<4



CALCULUS BC
WORKSHEET 1 ON POWER SERIES

Work these on notebook paper. except for problem 1.
1. Derive the Taylor series formula for f(x) by filling in the blanks below.

Let f(x)=ay+a(x—c)+a (x—c)z +ay (x—cf +a, (x—cf +as (.\'—0)5 +ota, (x—c) +..
Find f (C’) and solve for a,.
f(c)= S0 @, =
Now differentiate f (\) to find f ’(.\')___ and then find f' (c) and solve for a,..
f'(x)=
f (c) = S0 @ =
Differentiate again. this time to find f "(.\'), and then find 1 ”(c) and solve for a,.
£7(x)-
f"(c)= S0 ) =
Now find f""(x), and then find f""(c) and solve for ;.
()=
f"(c)= S0 ay =

S0 @, =

Do you see a pattern? f[”-] (c)=

Now substitute your results info
f(¥)=ay+a(x—c)+ar(x—c) +as(x—c) +ay,(x—c)* +as(x—c) +..+a,(x—c)" +...

f(x):_+_(x—c)+ (x—c)2+ (x—c)3+... + (x—c)”Jr...

On problem 2. find a Taylor series for f ( x) centered at the given value of ¢. Give the first four nonzero terms

and the general term for the series.
2. f(x) =™, c=3

On problem 3 - 4. find a Taylor series for f(x) centered at the given value of ¢. Give the first four nonzero

terms. (You do not need to give the general term.)

. .
3. f[x):sin[Zer% .c=0 4, f(x):cosx._cz%r

J

TURN->>>



On problems 5 — 8. find a Maclaurin series for f (\-) . Give the first four nonzero terms and the general term for
each series.

5. f(x)= 5111(.\'3)

‘ f(x):cosin)
7. f(x):xze_"'

8. f(x)=sin’x (Hint: Use the fact that sin” x =

2

Answers to Worksheet 1 on Power Series
" e f (n)
L. o :f(C)___ a :fr(c)-'- a, = fz(IC) . ad. = f 3(|\C).'s a, :_f I(C)
: n

frG=ef | 6= | ) =c)
2! 3! n!

+...

F(x)=f(c)+f (c)(x-c)+

n

4e6(x—3)3+896(x—3)3+ L2 (x=3)
2! 3! n!

3]

. eé+2eﬁ(.r—3_)+

V3, 2E 4x’

~—+x-—
2 2! 3!

5]

2 3
V(=) BT
4, —l—ﬁ[ —Z—NJJF 3/ +..
2 2 3 22! 2-3!
5 ; 1‘,9 1‘_l‘l ~ 1C_l (_1)” 671+3

- —+ —
3t 5t 7 (2”4—1)!

1 9x 8l¥’ 729x° . M

6. ———+ +... — +... where x =0
x 2! 4! 6! (2!.?_)!
4 3 -1 n_n+2
7o+ +( )
21 3! n!
g 20 8 300 128y (—1)"" 22y




CALCULUS BC
WORKSHEET 2 ON POWER SERIES

Work the following on notebook paper. Do not use your calculator. Show all work.
1. (a) Find a Maclaurin series for f(x)=cosx. Give the first four nonzero terms and the general term.

. cosx—1
(b) Use your answer to (a) to find 111137,.
I— -

X

2. (a) Find a Maclaurin series for f(x)= . Give the first four nonzero terms and the general term.

-2x

x)—1
(b) Use your answer to (a) to find lim&.
x—=0 X

3. (a) Find a Maclaurin series for f(x)=sinx. Give the first four nonzero terms and the general term.

. " sint .
(b) Use your answer to (a) to approximate the value of J ——dt so that the error in your
o I

. 1 :
approximation is less than — . Justify your answer.
500

On problems 4 - 5. find a series for the given function. Give the first four nonzero terms and the general term for
the series.

[, )

. (x17)
4. f(x)=€""" centered at x=0 5. g(x)=€""" centeredat x=-2

-

6. (a) Let f(x)= sin('nr3 ) Write the first four nonzero terms of the Taylor series for sin (’x ) about x=0.
(b) Let g(x)=cos (x;). Write the first four nonzero terms of the Taylor series for cos(x) about x=0.

(c) Let /n(x)= sjn(x )+cos (x). Write the first four nonzero terms of the Taylor series for / about x =0.

5

7.(a)Let f(x)= sin(:r ) Write the first four nonzero terms and the general term of the Taylor series
for sin(x”) about x = 0.
(b) Let g'(x)= sin[x" ). Given that 2(0) =1, write the first five nonzero terms and the general term

of the Taylor series for g(x) about x = 0.

8. (1990 BC 5) Let f be the function defined by f(x)= %
)=

(a) Write the first four terms and the general term of the Taylor series expansion of f(x) about x = 2.
(b) Use the result from part (a) to find the first four terms and the general term of the series expansion
about x =2 for hl‘x—l‘.

(c) Use the series in part (b) to find an approximation for In 5 S0 that the error in your approximation is less

1 .
than 20 How many terms were needed? Justify your answer.



Answers to Worksheet 2 on Power Series

2 4 6 n 2n

- : : -1) x 1
1. (a) A SN ) I (b) ——

21 41 6! (2n)! 2
2.(a) 1+ 2x +4x + 8¢ +..+ (2¢)" + .. (b) 2

3 3 7 n 2n+l

R S -1)"
s@r-t. o x, U

Foot ——————+
3t 57! (2n+1)!
17 . . . L. . . .
(b) R Since the terms of the series are alternating, decreasing in magnitude. and having a limit of 0 and the

approximation is made by using the first two terms, the error will be less than the absolute value of the

) 1 1
third term, so |Error| <« — < —.
600 500
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4. e t+tex+—+—+..+—+..
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gl

8.(a) 1-(x=2)+(x=2)" =(x=2) +..+(-1)" (x=2)" +..

- 4.+ +...
3 4 n+1

() (x=2) - (-"—23)' L (- (-2) (-1)" (x=2)""

(c) n2=

oo | W

. Two terms are needed. Since the terms of the series are alternating. decreasing in
magnitude, and having a limit of 0 and the approximation is made by using the first two terms,

. . 1 1
the error will be less than the absolute value of the third term. so |En‘01‘| < ” < - =0.05.




CALCULUS BC
WORKSHEET 3 ON POWER SERIES

Work the following on notebook paper. No calculator except on 6(c).
On problems 1 — 3, find a power series for the given function, centered at the given value of ¢, and find its interval
of convergence. Give the first four nonzero terms and the general term of the power series.

1. f(x)= 12._ c=0 2. f(x)= b .c=0 3. f(x)= 24 .c=1

1+ x+2 4-x

. . . T
4. (a) Find the first four nonzero terms of the power series for f(x)=sinx. centered at x = P
(You do not need to write the general term.)
\
: : . T T
(b) Find the first four nonzero terms of the power series for g(r) =sin (,\f - g ] centered at x = é
' J

(You do not need to write the general term.)
(c) Could the answers to (a) and (b) be found by substitution. or is it necessary to find derivatives and use
the Taylor formula? Explain.

5.(1986 BC 5)

(a) Find the first four nonzero terms of the Taylor series about x=0 for f(x)= \/E

(b) Use the results found in part (a) to find the first four nonzero terms in the Taylor series about x =0
for g(x)= N

(c) Find the first four nonzero terms in the Taylor series expansion about x = 0 for the function /# such

that 7'(x)= J1+x and h(0)=4.

6. (1994 BC 5)

Let f be the function give by f (r) —e Y

(a) Find the first four nonzero terms and the general term of the power series for f (r) about x =0.

(b) Find the interval of convergence of the power series for f (r) about x=0. Show the analysis that

leads to your conclusion.
(c) Let g be the function given by the sum of the first four nonzero terms of the power

series for f(x) about x=0. Show that |f(x)-g(x)[<0.02 for - 0.6<x<0.6.

7. (Modification of 1996 BC 2)
3 ??
X

The Maclaurin series for f(x) is given by R S
2t 31 4 (n+1)!

+ ...

(a) Find f'(0). f"(0). f"(0). and f(”'} (0).

(b) For what values of x does the given series converge? Show your reasoning.

(c)Let g x) =xf (r) Write the Maclaurin series for g(.‘c) . showing the first three nonzero terms and
the general term.

(d) Write g(x) in terms of a familiar function without using series. Then. write f(x)in terms of the same
familiar function.



Answers to Worksheet 3 on Power Series

1. 1-x7+x* —x° +...+(\—1)” x4 Int. of conv.: —1<x <1
3y° 3. 3 3 4 1 " 3. n+l
2. 3x -2 + S + +L+ Int. of conv.: —2<x<2
2 4 8 2"
. 2 3 n
8(x-1 S(x—-1) 8(x—-1Y) 8(x-1
3. 8+ ( )+ ( ) + ( ) +...+(—)+ Int. of conv.: —2<x <4
3 9 27 3"
ﬂf ;r\‘] ?r\lj ﬂ/ }f\'B
JLT—EJ x—g JLI—EJ
4. (a) E+ '2 e : + ..

\?

2-3
\5 (
, . ‘__| (;_E _
<b>(v—— - ) U f’

(c) The answer to (a) must be found by taking derivatives and using the Taylor formula. Since none of the
derivatives of the function on (a) give a value of 0 when evaluated at % . substituting into the Maclaurin
series for sin x will not give the correct series. The answer to (b) can be found by substituting into the
Maclaurin series for sin x because all of the derivatives of g(x} when evaluated at % will give the

same values that the derivatives of sinx gives when evaluated at 0.

5. 1986 BC 5
1 1 1 1 1 1 .
(a)l+—\——\' +—x - b)1+—x ——x*+ —x"—_.
2 8 16 2 8 16
1 1 1
(€ 4+x+-x' - —x +—x"— .
8 56 160
6. 1994 BC 4
(22%) (2% “1)" (2%
(a) 1—2x‘+( 71) —( _‘l) +...+( ) (r ) + (b) Converges forall x, —wc<x <
3 n!

(c) Since £ is an alternating series whose terms decrease in magnitude and have a limit
of 0, |En‘or| < |5th tenn‘ S0 ‘ f (r) - g(.‘r)‘ <0.0112 < 0.02 by the Alternating Series Remainder.

7. Modification of 1996 BC 2

1 21! 1 3! 1 (17) 170 1
a 0——01 =~ 0)==or —: 0)=—or —: (0
()f() Zf()?s! Sf()él! 4f()18T 18
(b) Converges for all x, —o0 <x <o (©) v+;—_ +%+ +Ll+ \
. .
(d) g(x)=e" -1
e’ —1
— ifx=0
f(-‘f)z x

1 if x=0



CALCULUS BC
WORKSHEET 4 ON POWER SERIES

Work the following on notebook paper. Do not use your calculator.
Find the sum of each of the following convergent series.

2 4 8 2" o1 (1) (1Y (Y
Lo 14+ = 4 — 4 — 4ot — +... 3. 1le—+|— | + —J +...+L—J +...
21 3! n! 4 4) 4 4
1 n ) 1 n_lozn
2. 1—i+l—i+...+_(—)+... 4. 1—@+10000—...+( )
30050 70 7 (2n+1)! 20 4l (2n)!
2 3 4 . n+l p
b X X (—1) R
5.Let X)=x——+———+. .+ ——+ ...
f( ) 2 3 4 n

(a) For what values of x does the series for f(x) converge?

(b) Find the first four nonzero terms and the general term of the power series for g(x) = f"(x).

. . 1)
(c) Use the series found in part (b) to find the value of g[; |. Show the steps that lead to your answer.
>/

6. The function f is defined by f(x)= % :

(a) Write the Maclaurin series for f. Give the first four nonzero terms and the general term. For what values
of x does the series converge?

(b) Find the first three nonzero terms and the general term for the Maclaurin series for f”( x) .

\\Jn—].

+o+ (2;;)(% ‘ + .
3)

e . 2 4
(c) Use your results from part (b) to find the sum of the infinite series 5 + 2—7 + e
! 2

if possible. Show the steps that lead to your answer.

(d) Use your results from part (b) to find the sum of the infinite series

8 256 6144 Y . . .
-+ — + +..+(2n)) = + ... if possible. Ifit isn’t possible, explain.
327 243 3

7. Let f be the function defined by f(x)=

~.
1+x°

(a) Write the Maclaurin series for f. Give the first four nonzero terms and the general term. For what values
of x does the series converge?
(b) Use your answer to (a) to find the first four nonzero terms and the general term of the Maclaurin series for

.
_f . f (r) dt . For what values of x does this series converge? (Remember that you are always supposed to

check to see if the endpoints are included in your interval. This is understood when you are asked to “find the
values of x for which this series converges.™)

1 _1 n
—+...+( )
7 2n+1

+

(c) Use your answer to (b) to find the value of 1-

| =

+.... Show the steps that lead to your

|

alswer.

TURN->>>



7_‘- Yl 73 \’3 7 rn
8. The Maclaurin series for 1 is given by 1 + 7x + — —— + L+ —

+ ...
n!

(a) For what values of x does the series for / converge?
(b) Find the first three nonzero terms and the general term for the Maclaurin series for f” ( x) .

(¢) Use your answer to (b) to find the value of f'(1). Show the steps that lead to your answer.

Answers to Worksheet 4 on Power Series

) . 4
l. e 2.8in 1 3. ; 4.cos 10
5.(a) Converges for —1<x=<1.
b g(x)=1-x+ -y +...+(—1)”_1 X

(1) 1 1 1 1Y _ 1 5
(C)DL— =1--+ — - — + ...+ ——] + ....thesumis ———=—.
5 5 6

5) 24 125 5) iy
s
6. Modification of 2006, Form B, BC 6
(@ 1+ x" +x* +x°+. +x7... . Converges for -1 <x<1.
(b) 2x + 4x° + 6x° +8x" +...+ 2mx*" ' +.... Converges for —1 <x<1.

(1
(c) The series is f'Ll [ (x| :,2—'161 . _2 or 0.844
3) =3 (1-.‘(2)_ 3 32

(d) Since the limit of the terms is not zero, the series diverges so it is not possible to find the sum.

X=

. . : : 4 4 . . :
(OR since this is the series from (b) with x replaced by 3’ and — lies outside the interval of

convergence., it is not possible to find the sum.)

7. l-x +x - x4+ (-1) x*" +... . Converges for —1<x<1.
3 7 2n+1
(b) T—Y—-I-Y_— SN +(-1)" X 4. Convergesfor —1<x<1.
3 5 7 2n+1
1 x b
¢) This is X df = arctanr| =arctanx so g(1)=arctanl =—.
( g(1 ) ) J‘o 1212 0 g( ) 4

8. Modification of 1983, BC 5

3 2 n_n-1
(a) Converges for all real numbers (b) 7 + 77 x + (? i )
n—
@ rm=1+7+1 Z
C =7+7" +—+
2! (n—1)!




CALCULUS BC
WORKSHEET ON POWER SERIES AND LAGRANGE ERROR BOUND

Work the following on notebook paper. Use your calculator on problem 1 only.
1. Let f be a function that has derivatives of all orders for all real numbers x Assume that

£(5)=6. £(5)=8, f"(5)=30. £"(5)=48 and |f")(x)<75

for all xin the interval [5, 5.2].

(a) Find the third-degree Taylor polynomial about x =5 for f (r) :

(b) Use your answer to part (a) to estimate the value of f (5.2) . What is the maximum possible error in
making this estimate? Give three decimal places.
(c) Use your answer to (b) to find an interval [a. b] such that a < f (5.2) <b. Give three decimal places.

(d) Could f (5.2) equal 8.254? Show why or why not.

_ ( )
2. Let f be the function given by f (x) = cos LIZ.\' + %J and let P(x) be the third-degree Taylor polynomial

for f about x=0.
(a) Find P(x).

(b) Use the Lagrange error bound to show that

f%}_ (10/1

3. Find the first four nonzero terms of the power series for  f {\') =sin x centered at x =—

12.000

Find the first four nonzero terms and the general term for the Maclaurin series for each of the following. and find
the interval of convergence for each series.

4. f[x_):xcos(xB) . g(x)=

Find the radius and interval of convergence for:
n n
1) - 2)

6. Z o 7. 2(2??)!(.1:—5)”
1 n=1

Multiple Choice. Show your supporting work.

8. The coefficient of x° in the Taylor series expansion about x =0 for f (T) =sin (xz] is
1

a-z @0 (O O (E)1

9. If f is a function such that f” (r) —sm( ) then the coefficient of x’ in the Taylor series

for f(x) about x=01is

1 1 ! 1
Wz @5 (©0  @)-5  (B) -



Answers to Worksheet on Power Series and Lagrange Error Bound
1. (@) 6+8(x—3)+15(x=5)" +8(x~35)
(b) f(5.2) = P, (5.2) =8.264
R;(5.2)|<0.005
(c) 8.259< f(S.Z) <8.269
(d) No, f(5.2) can’t equal 8.254 because 8.254 does not lie in the interval found in part (c).
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5. =+t = (1) T Converges for —1<x<1.

6. Radius =3: interval: —1<x=<5
7. Converges only if x=35. Radius=0.
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CALCULUS BC
WORKSHEET ON SERIES AND ERROR

1.

(a) Find the third-degree Taylor polynomial about x =3 for the function f.
(b) Use your answer to part (a) to estimate the value of f (3.?).

(c) Use information from the graph of v = 7 () (x) to show

f"(3):%_. f'(3)=- % f""(3)==. and the graph of f'*/(x) on[3.4]

(Calc) Let f be a function that has derivatives of all orders. Assume f (3) =1
3

8 (4. 6)

1s shown on the right. The graph of f (4) (x) isincreasing on [3. 4]. /
(3.2)

that | £ (3.7) = P(3.7)| < 0.08. Graph of £ (x)

(d) Could f (3.?) equal 1.283? Show why or why not.

]

. (Calc) Let f be the function defined by f (\) = \/; :

(a) Find the second-degree Taylor polynomial about x = 4 for the function f.

(b) Use your answer to part (a) to estimate the value of f (5.1).

(c) Use the Lagrange error bound to find a bound on the error for the approximation in part (b).
(d) Find the value of | £(5.1)— 2, (5.1)].

LS ]

. (Calc) Find the maximum error incurred by approximating the sum of the series

1 2 3 4 : n-1) .
1 - o - P - o ...+(—1_)”+1 (”—'J+ ... by the sum of the first five terms. Justify your answer.
. . . . n.

A
Let f be the function given by f'( x} = cos[Sx +% ‘ and let P(.‘c) be the fourth-degree Taylor polynomial
J

17 1)
()22
6/ 6/

for f about x =0.
1
73000

(a) Find P(x). (b) Use the Lagrange error bound to show that

. . 1 _2 . 1 .
. Use series to find an estimate for .[o e " dx so that the error is less than — . Justify your answer.
200

. (Calc) Suppose a function f is approximated with a fourth-degree Taylor polynomial about x=1. If the

maximum value of the fifth derivative between x =1 and x =3 is 0.01, that is. ‘ fl_’ 5) (’c)| <0.01. find the

maximum error incurred using this approximation to compute f (%) :

=

. The Taylor series about x =5 for a certain function f convergesto f(x) forall x in the interval of

(—l)r‘r n!

o . ' 1
convergence. The nth derivative of £ at x =35 is given by £ () (5)=————and f(5)= >

2??(?1—0—2)

(a) Write the third-degree Taylor polynomial for f about x=>5.
(b) Show that the third-degree Taylor polynomial for f about x =5 approximates f(6) with an error less

than 0.02.



Answers to Worksheet on Series and Error
y—3  (x-3) . 3(x-3)

1.(a) 1 +-
2 4.2! 8-3!
(b) 1.310
. (4) . . . (4) -
(c) Since f* (T) is increasing on [3. 4], f" (r) <6 on[3,3.7] s0
6(3.7-3)’
|Error| < |——————|=0.060 < 0.08.

(d) Yes. 1.250 < £(3.7)<1.370 so f(3.7) could equal 1.283.

x—4)
N PP aL g G)
4 32.2!
(b) 2.256
'.;
(c) The maximum value of the third derivative f "'(x_) = 5 on[4.5.1]1is
8x7-
3 3
—(5.1-4)
3 3 (
f(4)= =356 S0 |E1101‘< "%T =0.003
(d) 0.002

3. The series has terms that are alternating in sign, decreasing in magnitude, and having a limit of 0
so the error is less than the absolute value of the first truncated term by the Alternating Series
Remainder.

‘En‘or‘ < ‘6th teml‘ SO ‘Error‘ <% or 0.012.

2 3 4
4. (a) P(x)zﬁ _3x 93 Q27 8133
22 220 2310 2.4
fO ) =0y |”HT 1) [243\ [ 1 |
b) R, (x) = . . 1
()| 4(")' 5! ‘ | Lﬁ GJ )(32\) 3000

5. The series has terms that are alternating in sign. decreasing in magnitude, and having a limit of 0
so the error is less than the first truncated term by the Alternating Series Remainder.

1 2 1 1 1 43 1
J‘e—.m del_—'i'___:—'lEn‘Ol“{‘ < —.
0 3 10 42 105 16 200

7 @ 1 x5 (;.1:—.5)2 - (x—5)
20 243)  2°(4)  2°(5)
Since the series has terms that are alternating, decreasing in magnitude, and having a limit of 0.
the error involved in approximating f (6) with the third-degree Taylor polynomial is less

than the absolute value of the fourth-degree term so

(6-5
) i < L by the Alternating Series Remainder.
24 (6) 96 50

|E1101|



CALCULUS BC
REVIEW SHEET 1 ON SERIES

Work the following on notebook paper. Use your calculator only on problems 7 and 9(a) and (b).
On problems 1 and 2. find the radius of convergence and the interval of convergence.

= (x=5) = (x- 2)
L. Z—ns” 2. Y —+

n=1 n=1

-1y
3. Find the sum of l—lJrl—lJr...Jru
31571 (2??+1)!

© }‘.'+1

n=0

. . . . » X X X .
5. A function f has a Maclaurin series given by x~ — o + TR +... Whatis f(r) ?

6. If f is a function such that f' ( x) =cos (:c3 ] . find the coefficient of the x’ term in the Taylor polynomial

for f(x) about x=0.

7. The graph of the function represented by the Maclaurin series
2 3 non

X X -1) x
LU )

l—x+—— + ... intersects the graph of y = X at x=?
21 3 n!
. . 1 2 3 5 +1 .,
8. A function f is defined by f(.r):z + 4—3x + 4—3.1(‘ + ...+ :;TXJ +...

for all x in the interval of convergence of the power series.
(a) Find the interval of convergence for this power series. Show the work that leads to your answer.
1
A
(b) Find lim .
=0 h

1
(c) Write the first three nonzero terms and the general term for an infinite series that represents jo f (\') dx .

(d) Find the sum of the series determined in part (c).

9. The function f has derivatives of all orders for all real numbers x. Assume f (2) =3,

f’(Z) =—4, f"(2) =—1, and f”'(2) =5
(a) Write the third-degree Taylor polynomial for f about x =2, and

use it to approximate f (1.2). y

(b) The graph of the fourth derivative of f on the interval 1.2, 2] (1.2.3)
is shown on the right. The graph of f“}(' x) has a horizontal 2.2)
tangent at x=1.7. Use the Lagrange error bound on the \1/7 3
approximation of f (1.2) to explain why f (1.2) =5.3.

(c) Write the fourth-degree Taylor polynomial. P(x). for Graph of f (4) (x) )

g[x_) =f (.wr2 +2‘] about x=0. Use P to explain whether

g has arelative maximum, relative minimum, or neither at x = 0.



Answers to Review Sheet | on Series
3 I=x <8

w0 converges for all x

. 5m 1

12

. ASULY

1
h — —
14

7. 0L773
8. (8 —4<x<4

L

(x—2)  s(x-2)

FTREY
_ayd

|£3q1.1 2)
T

b=l

a) 3-4(x-2) - o 3453

(b |Ry(1.2) =0.0512 so 5.402< £(1.2) < 5.505. Therefore f(1.2)=5.3

4
7 X
c) 3—dx~ - ?

Since g(0)=0and g"(0)=-§, g must have a relative maximum at x =0 by the
Second Derivative Test,



CALCULUS BC
REVIEW SHEET 2 ON SERIES

Work the following on notebook paper. Do not wse vour calculator.

1. Which of the following is a term mn the Taylor series about + =0 for the function f{ x) = cos{ 2x)7

1, 4 2, 1 4 .
A) ——x Bl -—ux L) —x Dy —x E)} —
[A) 21 (B) 3 i)j i]'EI:|I II]451

. = (x-2)
2. Fmd the values of » for which the senes Z[ ) CONVETZES.

et [ -3)"

(A) r=2 (B) —1=x <5 (C) —lex=<h (D) -l=x=5  (E)All real numbers

5 7 Znsl
3. The series = + .1'3— % + % F ot ol — + .. 15 the Maclaurin seriss for

Fi1 f mni
(4) xinf1++%) (B) xIn(1-+7 (C) e* (D) xe* (E) +e"

4, The cocfficient of +* in the Taylor series for & at x=01s

| | 2 4 8
A) — B) - Ch — D — E) -
[]6 [)3 I:Il3 l:}i‘- l:]3

5. Let f[x]=i|[cm.r}3". Evaluate I(ET#H

H=l =

—

. .93
6. Fmd the sum of the geometnc series s a1tz 3t

7. Find the Taylor polynomial of order 3at x=0for f(x)=+l+x.

(2003 Forin B, Problem &)
8. The function § has a Taylor series about x = 2 that converges to f{x) for all x in the interval of
i+l
converzence. The nih derivative of £ at x=2isgivenby F")(2)= # for #z=1 and F{2)=1
3

(&) Write the first four tenms and the general term of the Taylor series for f about x =2,
(b) Find the radius of convergence for the Tayvlor senies for f about v = 2. Show the work that leads to your
ANSWEr.

ic) Let g bea function satisfying g(2)=3and g'(x)= F{x) forall x. Write the first four terms and the
general term of the Taylor series for g about x= 2.
(d) Does the Tavlor series for g as defined in part (c) converge at x =—27 Give a reason for your answer.,



9. Let f be the fumction given by  f{x)= CI}5| 3x+ ET. | and let P(x) be the third-degree Tavlor

polvnomial for ¢ about x = 0.
(a) Find P x).

<

17 i1 1
b} Use the Lagrange emror bound to show that (— - P| - .
®) B ‘f.ﬁ,l' 'Lﬁ] 300

(¢) Let @(x) be the function given by G{x)= _[;f{r]n!r . Write the third-degree Taylor polynomial, T(x).
for & about x=10.

10. Suppose that the function f(x) is approximated near x = 5 by a fourth-degree Taylos
polynomial P, (x)=3+T{x=5) =2{x-5) +9(x-5)".
(a) Find the value of £(5), /" (5). £"(5), £ (5), and fr“ﬂﬁ]l.

(b) Does § have a local maxinmm, a local mininmm. or neither at x = 57 Justify vour answer.

Answers in Beview Sheet 2 on Series
1.C 2.C iDh 4. D

1 3 2P
1 ‘. _'1' ¥ x
0 40
£. (2003 Formm B, Problem &)
_ A _ay —_ny"
[+ 2(x-2) . 3{.1:3:2} . 4[.r33 2) - [:.l+1‘,|3[|’_;r 2) .

5 -

(a)

(b} Rads = 3

(x=2f  (x-2) | (x-2) .. (x-2)"
9 27 3"

-2y (x-2) . (xr-2)" . (x—2)"

3 9 27 3"
(d) WNo. ¥ =-2 is outside the interval of convergence, which is —1-<x < 3.

: e
R e alh e

e} 1+ x+

or 3+|{.1'—E}+{'T + ..

() Since f"[.r]=s1mf3x+3:J and -1scna[3x-3ﬂs1 for all x hldbeilitﬂ'l.'alr:-r:.r{;

E

|"'|“."I
I A e T O PO i 3 S S S
ool [ < i (R )
[c}—ﬂﬁ'—gﬁrl-l-aﬁfj
I 1

10.{a) F(5)=3 F(5)=0 (5)=14, £(5)=-12, F7'(5)=216
(b) Since (5)=0and f"(5)=14 and 14 =0, f must have a relative minimum at x = § by the
Second Derivative Test,



